Parallel-architecture haptic devices offer significant advantages over serial-architecture counterparts in applications requiring high stiffness and high accuracy. To this end, many haptic devices have been created and deployed by modularly piecing together several serial-chain arms to form an in-parallel system. Furthermore, recent haptic devices design such as the Sensable's PHANToM Premium line of haptic devices and Quanser's High Definition Haptic Device (HD) 2 placed the 2nd actuated joint (of a 2-DOF RR serial manipulator) at the base of the device that allowed the control of the 2nd joint through a parallelogram/fourbar structure. This design is favorable from the view point of reducing the overall weight that the first motor has to carry.
I. INTRODUCTION
Parallel architecture manipulators consist of a moving platform that is attached to a fixed base by several articulated kinematic chains, creating one or more closed kinematic loops within the system. Such parallel-architecture systems are wellknown for their low inertia, high rigidity and accuracy, high payload capacity and large bandwidth force-transmission, making them well-suited for force-reflecting hand controllers [1] .
Recently, there has been considerable interest in creating parallel-architecture haptic devices as in-parallel systems by a modular composition approach, wherein multiple articulated serial-chain arms cooperate to control a common end-effector. Such a composite-system can now potentially allow for increased redundancy, robustness, and reliability and even active reconfigurability for different tasks. In promoting reuse of components, such a modular "building-block" approach is also a desirable engineering practice. Furthermore, there is interest in constructing devices with additional closed kinematic-loop (e.g. planar parallelogram subsystem) to improve the overall stiffness, remove singularity and permitting relocation of the actuation [2] [3] [4] . Many commercial serial-and parallel-type haptic devices, shown in Figure 1 , now incorporate such parallelogram linkages. Examples range from the Sensable's PHANToM Premium Series serial-architecture haptic devices and the parallel-architecture systems like Quanser's High Definition Haptic Device (HD) 2 and MPB Technologies's The Cubic. Modularity creates increased design-choices, in terms of methods to realize given tasks, and requires a design-selection process to determine the best designs. However, the system performance in a modularly composed system depends both the nature of the individual modules as well as their interactions, which creates challenges. Hence, a systematic (and preferably computational) 
framework for evaluation of the design-choices on individual module-and system-level characteristics is desirable.
We examine these aspects in the context of two systems: (i) PHANToM Premium 1.5 Haptic System; and (ii) Quanser High Definition Haptic Device (HD) 2 . The former is a well-known serial-architecture haptic device [6] , and the latter one is an inparallel haptic device formed by coupling two 3-link PHANToM 1.5 type serial chain manipulators to a common end-effector handle. However, the two three-link manipulators cannot be arbitrarily coupled to the handle due to the potential kinematic (velocity) incompatibilities. Hence, further passive articulations are necessary in order to accommodate the rigid body constraints. In the (HD) 2 system, this role is played by the passive revolute and universal joints.
In general, a careful selection of the type, number, dimensions and actuation of all the joints are critical to determining the performance of the overall system (in terms of workspace, mobility and force transmission capabilities). To this end, we leverage the rich theoretical analysis background for constrained articulated mechanical systems. In particular, we exploit a twist-based analysis of in-parallel systems [7] to create the underlying performance-characterization framework. The novel contributions of this paper come from: (i) algorithmic modeling of the individual arms, especially exploiting symbolic computational tools; (ii) systematic system-level motion analysis, by composing contributions from the individual modules; and (iii) combined symbolic/numeric analyses of performance, focusing on manipulability and stiffness.
The rest of the paper is organized as follows: Section II presents a brief overview of the pertinent literature. Twist based modeling and formulation of performance measures such as manipulability and stiffness are developed in Section III and Section IV. Section V shows formulation and results of the two case studies. In Section VI, we discuss the results and conclude the paper with brief discussions.
II. LITERATURE REVIEW
Although known for a century, in-parallel/cooperating robotic and haptic device architectures have seen significantly increased use only in the past two decades. From a designperspective, the physical layout of the parallel haptic device, in terms of selection of the type and number of the in-parallel articulated chains, and their attachment to the mobile platform determines the topology of the system. The subsequent selection of type, number, location and actuation of the individual articulations (within each serial chain) completes the determination of the workspace, mobility, controllability, and overall performance of the system. Various performance measures derived from the generalized Jacobian matrix [8] have been employed for design and optimization of such parallel architecture systems.
Systems with closed-kinematic loops have also been studied extensively from both simulation [9, 10] as well as control for load distribution [11] . The structural stabilization from the closed-kinematic loops is the root cause of the high rigidity and payload capacity. However, such loops also restrict the overall workspace, introduce significant nonlinearities in the analysis and restrict the selection (and coordination) of the actuation within the articulated structure. The difficulties in analytical computation of the direct kinematics for higher degree of freedom (d.o.f) parallel manipulators hampered the development of model-based control methods [12, 13] . The presence of closed kinematic chains reduces the effective system degrees of freedom, creating kinematic redundancy and most often redundancy in actuation [11] . A careful resolution of this redundancy is critical to achieving control of such systems for desired motion-and force-exertion tasks, as we will see later in this paper.
III. MATHEMATICAL BACKGROUND
We briefly summarize the spatial twist-based modeling of the articulated mechanical systems here. An interested reader may refer to Hunt [14] for the more traditional line-based screw-theoretic modeling.
The adopted twist-modeling approach emphasizes the linkage to matrix-Lie group based modeling and analysis of rigid-body mechanics. Specifically, the 3-step process discussed below emphasizes: (i) systematically constructing the twist matrix for each joint in the local proximal frame, from a homogeneous transformation-matrix representation; (ii) transforming the joint twist-matrices into a common reference frame, using adjoint transformations; and (iii) extracting twist vectors and composing into a Twist-Assembled Jacobian Matrix (TAJM). The configuration of a moving frame { } E relative to a fixed frame { } F is defined by the homogeneous transformation expressed in a 4 4 matrix form as: 
where W is a skew-symmetric matrix, . The twist vector then takes the form of
where w  is the angular velocity and v  is a linear velocity vector. An unskew operation may also be defined on the set of twist matrices that allows the extraction of twist vectors as:
[ ]
In general, a spatial twist matrix corresponding to the motion of the moving frame { } E with respect to its immediately preceding frame { } F (as expressed in the frame
Such a the twist matrix can then be transformed to any arbitrary frame { } N by a similarity transformation as
The forward kinematics of an articulated system with N joints can be formulated in terms of homogeneous transforms as:
The total twist is the linear combination of various twist contributions of individual articulated degrees of freedom expressed in a common frame:
Using Eq. (5), this can be transformed to inertial frame { } W as:
Finally, these twist matrices can be rewritten as linear combinations of twist vectors parameterized by the corresponding manipulation variable rates
A twist-assembled Jacobian matrix ( T J ) may now be constructed in the form of
are the twist vectors corresponding to the manipulation variable rates of 1 h  , 2 h  , …, N h  , respectively. The Jacobian matrix ( T J ) can be interpreted as the linear operator that maps the contribution of the manipulation variable rate at each actuated joint in the system to the inertial twist at frame
Loop-Closure Constraints
The differential-kinematic model of the closed-loop constrained system can then be written as:
subject to the general velocity-level constraint equations 0
The number of independent loops that forms the Jacobian matrix can be determined by the Euler equation by viewing the system as a network (with the links as nodes and the joints as edges), following [15] . Note that within a parallel chain, not all the joints in the system need to be active. The mixture of active and passive joint components can help partition the rate vector as
are the subvectors of the active and passive manipulation rates variables within the entire constrained mechanical system. T J and C J can then be partitioned accordingly, rewriting Eqs (10) and (11) as:
A general solution of Eq. (13) for
can be found as:
where the superscript "#" denotes the Moore-Penrose inverse of the matrix, 
T J is the system Jacobian matrix that now relates the actuated joint rates of the system to the end-effector twists. Depending on the nature of the actuation of individual module that forms the system, the overall system can be under-actuated, redundantly-actuated, or fully-actuated, resulting in different sizes of a C J and p C J . See [16] for a detailed discussion on these various cases.
IV. SYSTEM JACOBIAN MATRIX
The system Jacobian T J for in-parallel systems with closedsubloops can now be formulated very systematically and algorithmically. We illustrate this using a general planar RR 2DOF manipulator with one parallelogram subloop as an example. We model this system as a constrained system that combines a planar RRR manipulator with another RR manipulator, both actuated only at the base joint, as shown in Figure 2 . generalized coordinates. The generalized velocities can then be partitioned into:
where the subscript a and p indicate active and passive joint respectively. The end-effector task equation can be obtained by selecting one linkage as the primary linkage of the system and setting contribution from other linkage to zero. can be determined as:
While there are many ways to formulate the constraints Jacobian matrices a C J and p C J (see [15] ), one such possibility is to use the velocity-level loop closure equations between pairs of linkages as: 
Manipulability-based Performance Measure
In this paper, we use only the translational Jacobian mapping-the sub-matrix of the last three rows (for spatial systems) of the system Jacobian matrix T J , which we denote as
. The SVD of this matrix can now be used to examine the manipulability characteristics and its interpretation in the context of the manipulability ellipsoid geometry. To characterize the manipulability performance of the system over entire workspace, we adopt the isotropy index as the measure of choice. We summarize the evaluation of the isotropy index here, and refer the interested reader to [17] for descriptions of some of the benefits including boundedness and excellent numerical behavior. Let an m × n system Jacobian matrix be decomposed as , , , ,0, ,0 , from maximum to minimum. The isotropy index, or the inverse of condition number, which gives us performance measure over the entire workspace, can be defined as:
Stiffness-based Performance Measure
The stiffness matrix characterizes the stiffness of a manipulator at a given point. This matrix relates the forces and torques applied at the end-effector in Cartesian space to the corresponding linear and angular Cartesian displacements. Eq. (15) gives the mapping between end-effector twist and contribution from active joints in each linkage of the closedloop system. Let 
where
is called the stiffness matrix. To compute the stiffness ellipsoid, one would evaluate the eigenvectors and eigenvalues of the matrix K . Similar to [18] , we omitted the scalar factor
since it acts on K as a scaling factor.
V. CASE STUDIES
We verified the above outlined formulation (see [5] ) for manipulability with numerous examples from [19] , and for stiffness with examples from [18] . In this paper, we only present the results for two systems: (A) the PHANToM Premium 1.5 system from Sensable and (B) the High Definition Haptic Device (HD) 2 from Quanser.
Sensable's PHANToM Premium 1.5 system
The DH parameters that describe the PHANToM 1.5 system are given in Table 1 and Figure 3(a) . To include the parallelogram structure in the formulation of the Jacobian of the PHANToM Premium 1.5, another linkage that has one additional joint is given in Table 2 and shown in Figure 3 . 1 L can be arbitrary value. Using these values, the manipulability ellipsoid of the PHANToM 1.5 system at one location is shown in Figure 4 . From this figure, one can see that the resulting manipulability ellipsoid that includes the parallelogram structure in the formulation differs from the spatial RR manipulator's manipulability in the x-z plane (as the ability to move in x-z plane is reduced). However, they have the same manipulability ellipsoid on the y-z plane (as they should).
For these presented results, we fix 1 0 q =  and study the manipulability and stiffness over the entire workspace in the xz plane. Figure 4 compares the manipulability ellipsoid of PHANToM 1.5 formulated with and without the parallelogram structure. Table 1 and Table 2 . 
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, Passive joints. inclusion of parallelogram subsystem, the maximum isotropy index in the workspace reduces from 0.854 to 0.791. However, the average isotropy index over the entire workspace increases from 0.394 to 0.535. In addition, the maximum isotropy index moves to the center of the workspace (with inclusion of parallelogram sub-system) instead of staying at one side of the workspace (without the parallelogram sub-system). Figure 6(a) -(e) show the stiffness map of the PHANToM 1.5 device with the inclusion of the parallelogram subsystem in x, y and z direction. In the y-direction, their stiffness map are identical simply because in those direction the stiffness only come from the first joint in the system, which is the same for both systems. However, their stiffness maps are different in x-and zdirections. The addition of the parallelogram structure reduces the overall stiffness on the end-effector. This is because the joints that contribute to the overall stiffness computations (which are the active joints) now moved to the same location located at the base. However, it should also note that the stiffness map across the entire workspace is now more uniform with the addition of parallelogram structure in the system.
Quanser's High Definition Haptic Device (HD) 2
The kinematics analysis of the Quanser High Definition Haptic Device is given in [20] . Two additional linkages were formulated using the DH parameters specified in Table 3 to include the close-loop constraints resulting from the parallelogram subsystem. As a result, four linkages with three close-loop constraints need to be accounted for in the Jacobian of the system (with the parallelogram subsystem included). 
, , , , Passive joints.
The workspace of the (HD) 2 is a spatial one, however, we focus our analysis on the plane where both 1 0   and
with the handle held vertically. This is also the plane where the (HD) 2 posses the largest constant orientation planar workspace. First we show the manipulability ellipsoid obtained using the formulation shown in previous section in Figure 7 . The manipulability ellipsoid of the system without the parallelogram structure is shown in green color, whereas the manipulability ellipsoid of the system with parallelogram structure is shown in blue color. The manipulability in the vertical direction, which result from 1  and ' 1  , is identical for both systems. On the x-y plane, the two manipulability ellipsoids differ considerably. The ellipsoid for the system with the parallelogram structure is more uniform. The isotropy index of the (HD) 2 over the entire workspace formulated with and without the parallelogram subsystem is given in Figure 8 . The linear and rotational stiffness map of the (HD) 2 formulated without the parallelogram subsystems are given in Figure 9 . One can see that the stiffness in the  -rotational direction is basically nonexistent since it is corresponds to the rotation of passive joint 6  and ' 6  in the system. Similarly, the stiffness map of (HD) 2 formulated with the parallelogram subsystems are given in Figure 10 . Similar to the case of PHANToM 1.5 system, the contour of the stiffness in the x-, y-, and z-direction are similar to those of PHANToM 1.5. With the inclusion of parallelogram, the stiffness in the x-and zdirection decreases, while the stiffness in the y-direction remain the same. This is expected as the main contribution to the stiffness in this direction is from the 1st joint. The stiffness in  -direction increases with inclusion of the parallelogram subsystem since rotation on that axis mostly related to the 2 nd joint. The stiffness in  -direction on the other hand, reduces since rotation along this axis did not involve the 2 nd joint much. 
VI. DISCUSSION
Closed-loop subsystems, in general (and parallelogram subsystems in particular), offer many benefits to designers that were well-understood intuitively. They allow designers to relocate the distal joint motor to the base of the device, thereby reducing the overall weight to be supported by the proximal motor. Additionally, by offering enhanced structural stabilization, inclusion of such parallelogram subsystems can enhance the end-effector stiffness characteristics. Both factors contribute to changes in the effective system performance. Except work of [21] , which study the stiffness of parallelogram structure alone, none of the existing literature has analyzed these changes or quantified the benefits. In this paper, we outlined a framework that allowed us to systematically and quantitatively study the role of parallelogram structure seen in several haptic devices. Performance measures such as manipulability and stiffness can now be carried out to study the effect of the parallelogram structure, for serial-or parallel-architecture devices (such as the two case studies provided in the paper). Functional workspace design optimization can be performed based on such performance measures.
We also note that the formulation is not limited to haptic devices shown in this paper -it can be used with other mechanism design studies, such as those shown in [2] . One can also use the parallelogram structure as an adjustable parameter in the mechanism/device design to allow one to achieve certain performance measures [4] . Additionally, instead of using parallelogram structure (that provides a linear mapping between the input link and output link) a generic crank-rocker fourbar mechanism could be used. This would provide interesting performance characteristics to the overall system and is being explored further. 
